We study the polarization properties of the velocity fluctuations in solar wind turbulence using high-resolution data from the Spektr-R spacecraft. The ratio of perpendicular to parallel velocity fluctuations in the inertial range is smaller than the equivalent ratio for magnetic fluctuations, but gradually increases throughout this range. In the kinetic range, there is alarge decrease in the ratio, similar to the magnetic fluctuations. We compare the measurements to numerical solutions for acombination of kinetic Alfvén waves and slow waves, finding that both the slow increase and sharp decrease in the ratio are consistent with amajority population of Alfvén waves and minority population of slow waves in critical balance. Furthermore, the beta-dependence of this scale-dependent ratio can be successfully captured in the model when incorporating abeta-dependent Alfvén to slow wave ratio similar to that observed in the solar wind.
Introduction
The solar wind is aturbulent plasma (Goldstein et al. 1995; Horbury et al. 2005; Alexandrova et al. 2013; Bruno & Carbone 2013; Chen 2016 ) that emanates from the solar corona and carries the frozen-in magnetic field into the heliosphere. Turbulent solar wind fluctuations are characterized by abroad power spectrum that covers timescales from several hours to about 0.01s(e.g., Coleman 1968) . Observations gathered at different distances from the Sun also show that the solar wind expansion is non-adiabatic and the turbulent cascade is considered to be one of the important sources of energy needed to maintain this non-adiabatic behavior.
Large scale Alfvénically polarized fluctuations generated at or near the Sun propagate predominantly away from it(e.g., Belcher & Davis 1971) into interplanetary space and interact with the sunward-propagating fluctuations generated everywhere along the solar wind path. This interaction drives aturbulent cascade(e.g., Howes 2015) . This cascade transports energy from large scales where it is injected to smaller scales(e.g., Goldstein et al. 1995) until the ion gyroscale is reached. Below the ion gyroradius, anew range of turbulence carries energy to yet smaller scales where it is dissipated (Alexandrova et al. 2008; Howes et al. 2008; Sahraoui et al. 2009; Schekochihin et al. 2009; Chen et al. 2010) . Nevertheless, this energy transport is not fully understood, and there are still many open questions about the nature of the fluctuations, the turbulent energy cascade, and the dissipation processes. Zank et al. (2017) developed a model of turbulent transport from large scales to and through the inertial range based on the nearly incompressible magnetohydrodynamic (MHD) approach. This turbulence-transport model describes the collapse of the energy cascade to a highly oblique twodimensional component and a quasi-parallel slab component. Adhikari et al. (2017) enhanced this model and calculated the evolution of the anisotropy of magnetic field fluctuations with a distance from the Sun. The anisotropy increases in the transition from the energy-containing to inertial scales. Zank et al. (2018) argue that both quasi-2D and slab modes are generated at the Sun. Their interaction with the inward propagating waves contributes to solar wind heating and quasi-2D turbulence is more effective in the heating according to Zank et al. (2018) .
The power spectra of magnetic field and velocity fluctuations are generally interpreted in terms of MHD turbulence theory(e.g., Goldreich & Sridhar 1995; Galtier et al. 2000; Boldyrev 2006; Schekochihin et al. 2009 ) for scales larger than the ion gyroradius, where the fluctuations are predominantly Alfvénic(e.g., Belcher & Davis 1971; Horbury et al. 1995; Bale et al. 2005) . These scales are known as the inertial range, and the spectral indexes at 1 au are observed to be close to −5/3 for the magnetic field and −3/2 for velocity (e.g., Matthaeus & Goldstein 1982; Bale et al. 2005; Podesta et al. 2007; Tessein et al. 2009; Chen et al. 2011) , although they depend on other parameters such as the level of cross-helicity (Podesta & Borovsky 2010; Chen et al. 2013) . Note, however, that Roberts (2010) measured the velocity spectra from 0.3 to 5 au and found that the spectral index becomes close to −5/3 at 5 au.
Besides the incompressible Alfvénic component that dominates turbulence in the inertial range, the solar wind also contains asmall fraction (around 2%-3%) of energy in compressible fluctuations(e.g., Bruno & Carbone 2013; Riazantseva et al. 2015; Chen 2016) . The compressive fluctuations are slow mode polarized Verscharen et al. 2017 ) and highly elongated along the mean-field direction (Chen et al. 2012; Chen 2016) . According to predictions based on gyrokinetic theory, they are passive to Alfvénic fluctuations but have no (or little) parallel cascade along the magnetic field direction (Schekochihin et al. 2009 ).
An important way to investigate the nature of turbulence is to determine the polarization of the fluctuations, including the amplitude ratios and phase relations between the different electromagnetic fields and particle velocity moments. As discussed above, it is well known that the perpendicular magnetic fluctuations are generally much larger than the parallel magnetic fluctuations at the inertial range (e.g., Belcher & Davis 1971; Horbury et al. 1995) . In the kinetic range, the magnetic compressibility increases, consistent with atransition to kinetic Alfvén turbulence (Salem et al. 2012; TenBarge et al. 2012; Kiyani et al. 2013) . Recently, it has been shown that the magnetic compressibility increases again at the electron inertial scale when the electron temperature is much less than the proton temperature, consistent with atransition to inertial kinetic Alfvén turbulence (Chen & Boldyrev 2017) .
The polarization of the velocity fluctuations has been less comprehensively studied. In particular, the ratio of perpendicular to parallel fluctuations in the kinetic range has not previously been studied due to the lack of high-resolution velocity data. This paper presents the first measurement of this ratio and its dependence on the plasma β using data from the Spektr-R spacecraft. Asurvey of about 35,000 subintervals indicates that the velocity fluctuations are more compressive at smaller scales, in agreement with theoretical predictions for the kinetic wave modes. Moreover, we have found that the compressibility of the fluctuations increases with proton β and that they become isotropic when proton β approaches unity.
Observational Data
The analysis concentrates on ion velocity fluctuations at frequencies covering the transition from the inertial range to the kinetic range. The velocity components are determined from measurements made by the six Faraday cups (FCs) of the Bright Monitor of Solar Wind instrument onboard the Spektr-R spacecraft (Šafránková et al. 2013) . Three FCs are oriented away from the instrument axis and serve for adetermination of the total ion flux vector. The other three point toward the Sun and are equipped with deceleration grids to provide three points of the ion distribution with a32 Hz cadence. They are used for adetermination of the proton speed and temperature in the adaptive mode. With these data, the time resolution is sufficient for aspectral analysis up to 16 Hz but the present paper is limited to 2 Hz in order to guarantee that the power spectral densities (PSDs) are well above anoise level, even in intervals of low-velocity variations (Šafránková et al. 2016) .
The analyzed data set covers the years 2011-2016 but the intervals used are determined by the availability of Spektr-R measurements in the adaptive mode, which occurs about 10%-15% of the observation time. The analysis is performed on the solar wind measurements that are divided into 20 minutes basic subintervals with the overlapping duration 19 minutes and the fast Fourier transform is computed on each subinterval (Šafránková et al. 2015) . The Spektr-R magnetometer is not in operation, thus we use hightime resolution magnetic field data from the Wind spacecraft (Lepping et al. 1995) . The time of Spektr-R observations is propagated upstream to the location of Wind in order to estimate the corresponding intervals in Wind magnetic field measurements. Since Wind and Spektr-R are not necessarily in the same solar wind stream, we analyze only the intervals when thedifference between the solar wind speeds determined by Wind and Spektr-R is lower than 5%. These speeds lie between the two dashed lines in Figure 1 (left), which shows a comparison of the solar-wind speeds from Wind and Spektr-R.
This procedure leaves 35,937 intervals for further processing. Figure 1 (right panel) shows the distribution of angles θ between the GSE x-axis and the velocity measured using both Wind and Spektr-R. The distribution is similar and suggests that the magnetic field can be propagated between the two spacecraft locations, and possibly be used as the mean field direction when defining the parallel and perpendicular velocity components.
Results
The PSDs of the parallel and perpendicular components of both the magnetic field, B and velocity, V are calculated for all intervals in our data set. A 20 min magnetic field average is used as the mean field direction and this direction is also used for the separation of parallel and perpendicular velocity components in corresponding intervals of the Spektr-R measurements. The median spectra are shown in Figure 2 and their ratios in Figure 3 . The magnetic field results are shown in Alfvén units, B normalized =B/(μ 0 .ρ) 1/2 and all frequencies are normalized to the scale
before the median values are calculated. In the equation, f d is the normalized frequency, V sw is the solar wind bulk speed, ρ p is the proton thermal gyroradius (ρ p =V th /ω c where V th is the thermal velocity, and ω c is proton cyclotron frequency), and d p is the proton inertial length. This scale contains amixture of the proton gyroradius, ρ p and inertial length and has been found empirically to describe the location of the ion break scale over awide range of β values(e.g., Šafránková et al. 2016; Woodham et al. 2018) . Leamon et al. (1998) argue that this scale corresponds to the wavenumber at which the cyclotron dissipation becomes effective.
In Figures 2 and 3 , the energy in fluctuations of B ⊥ compared to that in fluctuations of B P is greater by aconstant factor of about 15 within the inertial range but the ratio decreases to about 3 through the kinetic range. This is consistent with previous findings for the magnetic field fluctuations(e.g., Salem et al. 2012; TenBarge et al. 2012; Kiyani et al. 2013) . The right-hand panel shows asimilar ratio for the velocity fluctuations using both Wind (red curve) and Spektr-R (black curve). The good agreement of the PSDs in the range of overlap shows that the Wind mean magnetic field direction can be used at the locations of both spacecraft and any evolution of the compression ratio from L1 to the Earth is negligible. Akey new finding here is that, similarly to the magnetic field, the velocity compression ratio also sharply decreases as the kinetic range is reached (between 0.4 and 2 Hz). However, unlike the magnetic field, there is asteady increase in the ratio V V 2 2  (where V ⊥ and V P are the amplitudes of velocity fluctuations perpendicular and parallel to the background magnetic field, B 0 , respectively) throughout the MHD inertial range. Amodel for, and interpretation of, these two new features is described in Section 4.
It is also of interest to determine the spectral indices of the PSDs shown in Figure 2 , which are given in Table 1 . The slopes and the break are determined in one step as the best fit with two straight lines to the median spectra in Figure 2 and the break scale corresponds to their intersection. Note that all spectra are computed in the frequency range of 10 −3 to 2 Hz but the normalization to f d shifts the frequency axes. Since the number of spectra from which the median is computed is rather low at the lowest and highest f/f d , we limit the range of fitting to 0.03<f/f d <3.
In the inertial range, both B ⊥ and B P have spectral indices close to −5/3, and V ⊥ and V P have spectral indices close to −3/2. These values are consistent with previous measurements of the solar wind turbulent cascade. In the kinetic range, the slope of B ⊥ is close to −8/3, and V ⊥ is −3.2, again consistent with previous findings. The parallel components of both fields have shallower slopes than the perpendicular components in the kinetic range, although this may be because the fitting range is close to the transition region and not representative of the asymptotic spectra. The normalized break scales, determined as the intersection of the two power-law fits, are close to 0.5 f d for all analyzed parameters except B P . However, the difference between the slopes of the two parts of the B P spectrum is rather small and thus even avery small uncertainty in the slope determination results in alarge error in the break frequency. For this reason, we consider abreak scale of ≈0.5 f d to be appropriate for all spectra.
Finally, we investigate the beta dependence of the results. Each of the 20 min intervals corresponds to different magnetic field and plasma conditions (mean magnetic field, temperature, density, etc.), which change the characteristics of turbulence. The majority of the intervals correspond to arelatively narrow range of proton β centered around 0.3; however, we divide them into six bins, with an approximately equal number of intervals in each, and compute the median PSD ratios. The results are shown in Figure 4 .
The figure shows that the PSD B ⊥ /B P ratio decreases as proton β approaches unity. Asimilar result holds for the velocity fluctuations, with the positive slope in the inertial range being more prominent at low β. To understand the origin of this behavior, we construct a model for the turbulent field ratios in the following section.
Numerical Model
We calculate the polarization relations for velocity fluctuations from acombination of Alfvén waves and slow waves using the hot-plasma dispersion relation based on the linearized Vlasov-Maxwell equations with the NHDS code (Verscharen & Chandran 2013 Verscharen et al. 2016 Verscharen et al. , 2017 . We assume that the turbulent fluctuations inherit these linear polarization relations, even though we do not require that turbulence consist of linear waves.
We set the turbulent spectrum of B ⊥ as
where ρ p is the proton gyroradius and k ⊥ is the wavevector component perpendicular to the background magnetic field, B 0 . We note that the observed spectral break occurs at f/f d ≈0.5 (Table 1) , which corresponds to abreak wavenumber of order 1/ρ p when β≈1.
Although our results are independent of the absolute amplitude of PSD B ⊥ , we choose it so that the spectrum is continuous at k ⊥ =1/ρ p . We then define the large-scale magnetic compressibility as the ratio, r=B P,0 /B ⊥,0 , where B P,0 (B ⊥,0 ) is the amplitude of parallel (perpendicular) magnetic field fluctuations at a scale much greater than 1/ρ p . We assume that r is constant in the inertial range.
We relate k P to k ⊥ according to the critical-balance condition (Goldreich & Sridhar 1995) 
and fix the proportionality constants in Equation (3) so that k P is continuous at k ⊥ ρ p =1, and k P =k ⊥ at the outer scale (assumed as k ⊥ =5×10 −4 /d p , where d p is the proton inertial length). This leads to θ varying between 59°and 88°, where θ is the angle between k and B 0 . For the NHDS calculations, we set V A /c=10 −4 and assume that both protons and electrons are isotropic and have equal temperatures. We then calculate the ratios between velocity fluctuations and magnetic field fluctuations using linear theory depending on k ⊥ and k P .
We connect the magnetic field spectrum with the velocity spectrum through the squares of the amplitude ratios for Alfvén waves (index A) and slow waves (S) where the indices A and S refer to the full k-dependent amplitude ratios as
For each β, we set r to the value that generates the best agreement between our results in the low-frequency limit and the observations from Figure 4 . We show the results of our calculation for PSD V ⊥ /PSD V P as functions of f/f d in Figure 5 .
By comparing Figures 4 and 5, we find that our model describes the observed frequency dependence of PSD V ⊥ /PSD V P to a reasonable degree. The large-scale magnetic compressibility r and the characteristic size of the outer scale determine the value of PSD V ⊥ /PSD V P at low frequencies. The frequency-dependent anisotropy according to Equation (3) then determines the frequency dependence of PSD V ⊥ /PSD V P until f≈f d . We also checked a fixed anisotropy but it leads to a roughly constant PSD V ⊥ /PSD V P in the inertial range. In the kinetic range, PSD V ⊥ /PSD V P decreases due to the increasing compressibility of the Alfvén wave at kinetic scales (kinetic Alfvén wave).
From Figure 4 (left), we achieve an estimate for the value of r as the low-frequency limit of r B B 1 PSD PSD^ ( ) . These values are, however, significantly greater than those leading to the best agreement in Figure 5 . We assume that this difference is aconsequence of the overestimation of PSD B P in the measurements due to inaccuracies in the determination of the parallel direction when the fluctuation level is comparable with the B 0 background magnetic field as in the solar wind. To overcome this problem, the ratio B B PSD PSD | | was used as ameasure of compressibility. We found that the compression factor determined in this way is by afactor of about 1.6 lower than that computed from B ⊥ and B P but still larger by a factor of ≈2 than that used in the model. Nevertheless, the overall increasing trend of the compression ratio, r on β, used in the model is consistent with observations; the reason for the quantitative difference could be nonlinear effects.
Discussion and Conclusion
The FCs onboard Spektr-R allow us to observe velocity fluctuations up to afrequency of 2 Hz. For the first time, these data provide the opportunity to study the ratio of perpendicular to parallel velocity fluctuations in solar-wind turbulence on small scales. Our comparison between the observed ratio PSD V ⊥ /PSD V P and the results of the linear theory based on critical balance and asuperposition of Alfvén waves and slow waves shows agood agreement. The results are consistent with acomposition of Alfvénic/kinetic-Alfvénic and slow-modelike turbulence over awide range of scales. This finding corroborates previous theoretical and observational works on the nature of solar-wind turbulence.
Since the Spektr-R magnetometer is not operational, we combine magnetic field data from the Wind spacecraft and fluctuations in the plasma velocity from the Spektr-R spacecraft to study the polarization properties of inertial-range and protonscale turbulence in the solar wind. We show that it is possible to propagate the information on the interplanetary magnetic field (IMF) direction from L1 to Earth if the observing spacecraft sample the same wind stream. In agreement with previous studies, we find that the slopes of the median magnetic field spectra in the inertial ranges are close to −5/3 for both the perpendicular and the parallel components of the fluctuations. The slopes do not depend on proton β. The break between scales occurs at k≈1/(ρ p +d p ) for all analyzed components. The slope of the median spectrum of the perpendicular magnetic field fluctuations is approximately −8/3 below the break point, while the spectrum of the parallel magnetic field fluctuations is flatter with apower-index less than −7/3.
In linear theory, slow waves undergo strong Landau damping which is probably responsible for steeper slopes of the modeled velocity spectra than those observed in the kinetic range. Nevertheless, the basic trend of the evolution of the slope with increasing β is the same as the trend in the observations. There is some evidence, however, that fluctuations in the solar wind behave more fluid-like than expected for aweakly collisional plasma (Verscharen et al. 2017; Wu et al. 2018 ). This effect can lead to asuppression of Landau damping and explain some of the deviations between our observational and model results. Acomparison of our kinetic results with large-scale and small-scale fluid theory may resolve these deviations and the beta-dependence of r. Figure 5 . Calculated ratios of PSDs of the V ⊥ and V P velocity fluctuations. We apply aβ-dependent large-scale magnetic compressibility, r (r=0.055 at β=0.1, r=0.12 at β=0.4, r=0.13 at β=0.6, and r=0.13 at β=1). 
